If we have « disjoint discs in S, then, the total amount of area they can cover in E is bounded by (77/4)^ + « ■ (n/2)W so that there remains in E an uncovered area of (1 -n/4)W -nin/2)W , choosing W = (4 -n)/4rrn
shows that the uncovered area is at least ((4 -77) /3277) ■ n~ and our lower bound is established with C2 = i4 -rr) /32/7 K .0074.
As for our upper bound we remove « discs by the simple device of removing, at each turn, the largest disc which is contained in the residual set.
(It is not quite trivial that this process even exhausts (almost all) the area of S but this is known and was perhaps first noticed by A. Beck.) We need the following Lemma 2. Suppose that a region has its boundary composed of 3 concave arcs (arcs whose every chord is disjoint from the region) and denote its area by a and perimeter by I. Suppose that a disc of radius r is inscribed therein (its interior lies in the region and its circumference meets all 3 arcs).
Then r • l>2a.
The simple proof is based on the integral formula a = l/2 C r -nds where y is the boundary, ~t is the radius vector from the origin 0, which we take as the center of our disc, n is the unit outward normal and ds represents arc length.
If we focus on any one of our concave arcs A, and draw the two lines of support from 0 then the two points of contact define a subarc, A . We observe first of all that for any point in A -A , ~r • « < 0. Secondly we note that, at any point of A , the line of support, L, separates the origin from A so that r • « = distance from 0 to L < distance from 0 to A = r. In either case, then, r • « < r and so we have (2)^-l>V (3) Lfe_j = Lk-2mk_x, and
The trick is to notice that these entail the nonincrease of the quantity yJr~kLk + 2Ak/\]r~^. We have, namely, by (3) and (4) Again, by (2) and (3), we obtain Ln > « . 2t77 so that the above inequality becomes
